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1 Introduction

The main purpose of this thesis is to describe the structure of intermediate Jacobians of the product
of two Kéahler manifolds. Given two Kéahler manifolds X,Y we construct a decomposition of the k-th
intermediate Jacobian of X x Y as a product of mixed intermediate Jacobians of X and Y.

A xxy)= [ JmEY)
l+m=2k—1

We study how this decomposition behaves with respect to the Abel-Jacobi map and the duality between
J?=1(X x Y) and J2(1+n2)=@Ck=1)(X » V) where n;,n; are the dimensions of X and Y respectively.
Given a positive integer k and an analytic cycle U in Y of codimension [, there exists a homomorphism
of tori

g JHFHX) = JPRXY)

such that for any analytic cycle Z in X of codimension k£ homologous to 0 we have
Ui 0 ¥5(2) = @4y (Z x U)

where ®% and <I>§(+XZY are the Abel-Jacobi maps. We also have that the duality between J?*~1(X x Y
and J2(m1+n72)=(2k=1) (X % V") induced by the Poincare duality on the cohomology groups induces a duality
between J5™(X,Y) and J21—b2n2—m (X Y). In the last section we give an example of when a product
of Kéhler manifolds naturally arises as the Jacobian of a degenerate fiber of a family whose generic fiber
is a Riemann surface.

In Sections 2 and 3 we give a brief introduction to Kéahler manifolds, intermediate Jacobians and
Appell-Humbert theory of line bundles on complex tori. The main references for Sections 2 and 3 are [5]
and [1] respectively. All of the original work is concentrated in Sections 4 and 5. We will assume basic
knowledge of complex manifolds, algebraic topology and sheaf theory.

I would like to thank my advisor Dr. R.S. de Jong for invaluable guidance throughout the year this
work has been produced. I would also like to thank Dr. L. Taelman and Dr. S.J. Edixhoven for helpful
comments and suggestions.



2 Kahler Manifolds and Intermediate Jacobians

2.1 Complex Manifolds

Let X be a complex manifold. Let T Xy be the tangent bundle of X considered as a real differentiable
vector bundle and let T'X¢ be its complexification

TXc :=TXgr Qg C.

Let I be the complex structure on T Xg, that is the endomorphism of T Xk given by multiplication by ¢
in TX, the tangent bundle of X considered as a complex vector bundle. We have the decomposition of
T Xc into the eigenspaces of I,

TXc =T"(X) & T (X)

where T19(X) is the eigenspace corresponding to the eigenvalue i and T%!(X) is the eigenspace corre-
sponding to the eigenvalue —i. This induces the decomposition of the complexified cotangent bundle

QX) :=TXc* = QM0 (X) 9 Q%1(X)

where Q19(X) is the bundle of C-linear 1-forms on X and Q°%1(X) is the bundle of C-antilinear 1-forms
on X. The bundle 71°(X) is naturally isomorphic to the complex tangent bundle TX and thus inherits
a holomorphic structure. There is a natural complex conjugation on the bundle T X¢ given by complex
conjugation on TXg ®g C which also induces complex conjugation on 2(X). It is easy to check that

T = TOMX),

QLX) = Q%(X).

We also have a decomposition of differential k-forms for any non-negative integer k,

OFX) = @ 29(X)

itj=k

where Q47 (X) = (/\Z Ql’o(X)) ® (/\j Qo’l(X)). We say that a differential k-form is of type (i,75) if

it is a section of Q%J(X). Let A¥ A% be the sheaves of differentiable sections of Q¥(X) and Q%7 (X)
respectively. For any o € A%(X) we have that

da = (da) ™™ + (da) 1
where (da) 19 € A1I(X) and (da) #9+! € AW+ X). We define the operators 9 and 9 by

da: = (da)Hd,
da: = (da)®tL

We extend 0 and 0 by linearity to the entire space of differentiable k-forms A¥(X) for every k.

2.2 Kahler Manifolds

Given a complex vector space V, let Vg be the real vector space where we forget the complex structure
on V and let V¢ be the complexification of Vg

Ve = Ve ®g C.
If we have a hermitian form h: V x V — C, we can consider the two-form on Vg given by
w = —Sh.

Moreover, if we extend w by linearity to V¢, we have that w is of type (1,1). We have that the symmetric
form g := Rh on Vg is given by

g(u,v) = w(u, Iv)
where [ is the complex structure on Vg. In fact, there is a one-to-one correspondence between real (1, 1)
forms on V¢ and the hermitian forms on V' given by

wrH—h=g—iw.



A hermitian metric h on a complex manifold X is a differentiable section of (TX* ® TX*) such that on
each fiber of T X it is a positive definite hermitian form. From the discussion above, we see that given a
hermitian metric k on X, the real two-form on T'Xg given by

w:=—Sh

is of type (1, 1) when extended to T X¢ by linearity. We also associate to h the symmetric 2-form g := Rh.
Clearly both g and w are non-degenerate.

Definition 2.2.1. A Ké&hler metric on a complex manifold X is a hermitian metric h on X, such that
the corresponding real two-form w is closed. In this case w is called the Kahler form corresponding to h.

We say that a complex manifold is Kahler if it admits a K&hler metric. It will become more evident
later on why Kéhler manifolds are important and what good properties they possess, but for now we
give an indication for why they might be interesting to study.

Theorem 2.2.2. Let X be a complex manifold of dimension n with a hermitian metric h. The metric
h is Kahler if and only if for every x € X, there exist local holomorphic coordinates z1, ..., z, around x
such that the matriz of h with respect to these coordinates is given by

h=1,+0(3 |=f)
i=1

where I,, is the identity matrix.

In other words, Kéhler manifolds are those that admit a metric that is locally constant to the first
order.

Example 2.2.3. We will construct the Fubini-Study metric on a projective space P and thus show
that P™ is a Kdhler manifold. We first introduce the Chern form of a holomorphic line bundle with a
hermitian metric. Let X be a complex manifold and let L be a holomorphic line bundle on X endowed
with a hermitian metric h. Let {U,};cr be a cover of X which trivializes L and let o; € T'(L,U;) be
non-vanishing holomorphic sections of L over the open sets U; corresponding to the constant section
equal to 1 in the trivializations. We have that the transition functions g;;: U; N U; — C are given by

g; :gij 'O’j.

Consider the functions b; = h(0;, 0;) defined on U; and the two-forms
1 -
w; = —00logb;.
2m

We have bh; = |g;;|*h; on U; NU; and dd1log |g;;|> = 09 log gi; + 00 1og gi; = 0 since the functions g;; are
holomorphic. In particular w; coincide on the intersections U; NU; and therefore define a global two-form
w. It is clear from the construction that w is real, closed and of type (1,1).

Let Opn (1) be the dual of the tautological line bundle S over P". We have that S is a sub-bundle
of C™"*t! x P". Let b be the restriction of the standard hermitian metric on C**! to S. We have that
b induces a metric on Opx (1) which we will denote by h*. Let w be the Chern form corresponding to
Opn (1) and h*. The hermitian form A on P" corresponding to w is in fact positive definite and therefore
Kahler. The metric h is called the Fubini-Study metric.

Example 2.2.4. It is easy to see that the restriction of a Kéhler metric to a complex submanifold is
Kahler and therefore a complex submanifold of a Kéhler manifold is Kéhler. Along with the previous
example, this shows that projective complex manifolds are Kahler.

2.3 Hodge Decomposition

Hodge decomposition is a crucial tool in studying complex manifolds and their cohomology groups.
Since in general cohomology groups are represented by quotients of infinite dimensional spaces, it is
sometimes difficult to understand their precise structure. In the case of a compact manifold, the Hodge
theory provides a concrete way of representing some cohomology groups as objects with some analytic
properties.

Let X be a compact complex manifold of dimension n and let g be a Riemannian metric on T Xg.
This metric defines a hermitian metric on Q*(X) for all k.



Definition 2.3.1. The Hodge operator * : A¥(X) — A?"~k(X) is defined by
(agy Bz) Vol = . A *f,

where Vol is the volume form at x defined by the metric g and this equality holds for every z € X.

The Hodge operator satisfies the following identity on A*(X):

¥2 = (=1)*.
Definition 2.3.2. We define the operator d* = — * dx on A¥(X). It is the adjoint of d with respect to
the L? metric on A*(X)
(@.B)ez = [ (o Ve,

which exists since the manifold is compact.

Definition 2.3.3. The laplacian operator is defined by
Ag=dd" +d*d

Definition 2.3.4. A k-form o € A¥(X) is called harmonic if Ag(a) = 0. The space of harmonic k-forms
is denoted by H*(X,C).

One can show that the harmonic forms are exactly those forms lying in ker d N ker d*. In particular,
for any non-negative integer k, there is a map H*(X,C) — H}; (X, C) which sends a harmonic form to
its class in the de Rham cohomology of X with coefficients in C. Using the theory of elliptic operators,
one deduces that this map is an isomorphism. In particular we have

Hk(Xa (C) = Hc]fR(Xu (C)

Using this concrete representation of de Rham cohomology groups, we can show that the pairing
H!L (X,C) @ Hap P(X,C) — C given by

(@8)= [ ans

is perfect for every p € [0, 2n].
In the case when our compact complex manifold is Kahler, we can introduce even more structure to
its cohomology groups. Let X be a compact Kahler manifold with a Kéhler metric A, Kahler form w
and the corresponding Riemannian metric g. Let 0* := — * 0% and 9" := —  Ox be the adjoints of 9 and
9 with respect to the metric (-,-)z> on A¥(X). The laplacian operators corresponding to 0 and 0 are
defined by
Np = 90" + 0%9, Ay=00 +3°0.

In the Kéahler case, we have the equality
1
Ay = Az = gAd.
We have that Ay preserves the types of forms and therefore in this case, so does Ay,
A (AP9(X)) C AP9(X).

If « € H¥(X,C) is a harmonic form, and «a = D itk a®J is its decomposition into forms of type (i, ),
then we must have that o/ are also harmonic for every 7, j. This gives us the decomposition for every
k,
1 (x,c)= € n,
itj=k
where H%/ is the space of harmonic forms of type (i, ). The isomorphism H*(X,C) = HA: (X, C) gives
us the corresponding decomposition of the de Rham cohomologies

Hfo(X,C) = @B H(X,0).
i+j=k



In fact one can show that H;)J%(X , C) consists of classes of closed forms which are representable by forms
of type (4,7), and thus in particular this decomposition does not depend on the choice of a Kéhler metric
on X. We also have that the pairing Hi3(X,C) ® Hjz "7 (X,C) — C given by

(mﬂ%iLaAﬁ

is perfect.
By the theorem of de Rham, for every non-negative integer k, we have a canonical isomorphism

Hc]fR(X7 (C) = Hk(Xa (C)

where H*(X,C) is the k-th singular cohomology group of X with coefficients in C. We thus also have
the Hodge decomposition of singular cohomologies with coefficients in C

H*(X,C)= @ HY(X).
itj=k
Let Q% be the sheaf of holomorphic sections of Q%(X). We can calculate the i-th sheaf cohomology
of Q% using the exact Dolbeault sequence of sheaves

0 Q’;{ Ak0 2 Ak.L 2

Since the harmonic forms are d-closed we have a map
ki j k
HY — HY(X, Q%)
which sends a harmonic form « of type (k,) to its class in

ker(d : AB1(X) — AFFL(X)

HY(X, Q%)= —=
(X, 9%) Im(d : Aki—1(X) — Aki(X)

which is in fact an isomorphism. Moreover, the map induced on the Hodge components of singular
cohomology _ _
HR(X) 5 HY(X, Q%)

does not depend on the choice of the Kahler metric on X.

2.4 Hodge Structures

Definition 2.4.1. An integral Hodge structure of weight k& where k is a non-negative integer is a pair
(Vz,{VP}, 4>0 p+q=k) Where V7 is a free abelian group of finite rank and {V??} gives a decomposition

Vei=V@C= P vre
p+q=k
such that VP4 = V%P, The Hodge structure is also denoted by (Vz, VP9).
A Hodge structure (Vz, VP?) of weight k defines a filtration on the vector space V¢ by
F'Ve = @ vrkr.
p>l

This filtration determines the Hodge structure on V7 since we have

VPO = PPV 0 FITG.

Definition 2.4.2. Let V = (Vz,V??) and W = (Wz, WP?) be integral Hodge structures of weight k.
We define the direct sum (V & W) of Hodge structures in the following way,

VeW), = VzoWsg,
(VaW)Pd = VPigWrd,



Definition 2.4.3. Let V = (Vz, VP?) and W = (W7, WP:?) be two integral Hodge structures of weights
k and [ respectively. We define the tensor product of V' and W as the Hodge structure of weight k + [
given by

VeW)z = VoW,
(Vew) = P vreewr.
p+p'=r,q+q'=s

Let X be a compact Kéhler manifold. By the previous section, for any integer k£ we have the Hodge
decomposition
H*X,C)= @ H"(X).
iti=k

On the level of singular cohomologies we have by the universal coefficient theorem
H*(X,C)= H*(X,Z)® C.

This defines a complex conjugation on the vector space H*(X,C). We have that under the isomor-
phism H*(X,C) = H*(X), this complex conjugation coincides with the complex conjugation on H*(X)
inherited from the complex conjugation on Q*(X). In particular we have that

H#i(X) = H(X).

The Hodge decomposition of H*(X,C) thus defines an integral Hodge structure of weight k,

H*(X) = (H"(X,Z)o, H (X))
and the Hodge filtration

F'HM(X,C) = @ H*/(X).

i>1
Here and everywhere in what follows, by H*(X,7Z), we mean H*(X,Z)/torsion.
Let X,Y be two compact Kéhler manifolds. For every non-negative k, the Kiinneth formula provides
an isomorphism
HYX xY,Z)o= @ H"(X,Z)o® H(Y,Z),
p+q=k

given by the cup product of cocycles. On the level of de Rham cohomologies, cup product is given by
the wedge product of forms and therefore preserves the Hodge decomposition

HT,S(X % Y) o~ @ HP)Q(X) ® Hp’,q/ (Y)
p+p'=r,q+q'=s
In particular this means that for any integer k, we have an isomorphism of Hodge structures
HYX xY)= @ H'(X)® HY(Y).
pt+q=k
2.5 Analytic Cycles

Analytic cycles will play an important role in understanding the objects we will be considering in the
following chapters.

Definition 2.5.1. A closed subset Z of a complex manifold X is called an analytic set if there exists an
open cover {U; }ier of X such that for all ¢ € I, there exist holomorphic functions f1,..., fx on U; such
that Z N U; is the zero set of these functions.

Even though in general, analytic sets are not smooth, we have the following theorem that makes them
more approachable.

Theorem 2.5.2. Let Z C X be an analytic set. There exists a nowhere dense analytic subset Zging C Z
such that Zsmooth = Z\Zsing 15 a complex submanifold of X.



Definition 2.5.3. An analytic set Z C X is called irreducible if Zgpo0tn is connected. In that case the
dimension of Z is defined as the complex dimension of Zgy00th-

Definition 2.5.4. An analytic cycle of dimension k is a finite combination with integer coefficients of
irreducible analytic sets of dimension k.

Let X be a compact complex manifold. We have that irreducible analytic sets can be finitely trian-
gulated by differentiable chains and thus to every k-dimensional analytic cycle U in X corresponds an
element in Hoy (X, Z) which we will denote by (U). The cohomology class of an analytic set U is defined
by

[U]:= P((U)) € H*"~**(X,Z)

where
P: How(X,Z) = H™2K(X,7)

is the Poincaré duality map.
For an irreducible analytic set Z of dimension k£ and a closed 2k-form a we have

Zinll=[

smooth

where [a] € H2E (X, C) is the class of v and where we identify H22 (X, C) with C via integration of closed
forms over X. From this we can see that if X is a compact Ké&hler manifold of dimension n, then for
any k-dimensional analytic cycle U in X, we have

[U] € H" =Pk (X).

2.6 Intermediate Jacobians

Let X be a compact Kahler manifold of dimension n. For any positive integer k, we have
H?Y(X,C) = FFH* (X)) @ FFH2F-1(X).

It implies that F*H2?*~1(X)N H?*~}(X,R) = {0} and the map
¢: H** "1 X,R) —» H* 1(X,C)/FFH** ! (X)

is an isomorphism of real vector spaces. The image of H?*~1(X,Z) under the map ¢ is therefore a lattice
of full rank in H?*~1(X,C)/FFH?*~1(X).

Definition 2.6.1. The k-th intermediate Jacobian of X is the complex torus
J2=1(X) = (H%—l(X7 C)/FkH2k—1(X)) JS(H*1(X,Z)).
For any non-negative integers k and [, the cup product gives an isomorphism
HR(X)* = gn—hn=l(X)

once we identify H™"(X) = H?*"(X,C) with C via integration of closed forms over X. We also have
that the Poincaré duality gives an isomorphism

H* YX,Z) = Hop_op11(X, 7).
We can thus realize the k-th intermediate Jacobian of X as
J2k—1 (X) o~ (Fn—k+1H2n—2k+1 (X, (C))*/H2n—2k+l (X, Z)

where Ha,_or11(X,Z) acts on Fr—F+1n=2k+1(X () by integration over differentiable cycles.

We will now define the Abel-Jacobi map ®% from the group Z¥(X)yom of analytic cycles of codi-
mension k£ homologous to 0 to the k-th intermediate Jacobian of X. Let Z € Zk(X)hom. Since Z is
homologically trivial, we can triangulate Z and find a differentiable chain I' of real dimension 2n — 2k +1
such that OI' = Z. One can show that

F"7k+1A2n72k+1(X) N ker(d)
an—k+1A2n—2k (X) ’

I7¢

(Fn7k+1H2n72k+1 (X, (C))



where FPF LA =M Y (X)) = @,y ABPRT2RHLTH(X) ) Inother words, if o, 8 € Fnm R A2k (X)
are closed and define the same class in H2"~2F1(X C), then there exists a form v € Frn—k+142n—2k(X)
such that o — 8 = dv. For a € (F"~FT1H* =21 (X C)), we define [, o in the following way: pick a
representative 3 € Fn~k+1A2n=2k+1( X)) for o and define

ol

The choice of representative of a does not change the result since it would differ by

fuorf_o

smooth

where ¢ € Fn~F+1 A2n=2k( X} which is 0 since Fn~*t1A2n=2k(7Z_ ) = 0 due to type. We thus have
that [. defines an element in (F"~*1 H2n=2k+1(X C))*. If we pick a different I such that " = Z, we
have that T' — TV € Ho,_o2r+1(X,Z), and therefore I and I” define the same element in J2*~1(X). This
construction thus defines the desired map.

When defining the action of [, on F"~F1H2n=2k+1(X C), we could have fixed a Kéhler metric on
X and for a € Fnk+H1g2n=2k+1( X C) we could have defined

o fo

where & is the harmonic 2n — 2k + 1-form representing a. The argument above shows that this definition
would not depend on the choice of Kéhler metric.

Example 2.6.2. The first intermediate Jacobian of X has a more familiar form. We have
JHX)=H"(X)/H"(X,Z).
Using the isomorphism H%!(X) = H'(X,Ox) we have that
JHX)> H' (X,0x)/H"(X,Z)

where H'(X,Z) is naturally a subset of H!(X,Ox) when viewed as cohomology groups of sheaves.
Consider the the short exact sequence of sheaves defining the Chern class of line bundles

o (2mi)

0 7 Ox 0% 0

and the piece of the associated long exact sequence
HY(X,Z) — H'(X,0x) — HY(X,0%) ——> H*(X,Z) .

The kernel of the Chern class map ¢; which we denote by Pic’ (X), is thus naturally isomorphic to
Pic’(X) = HY(X,0x)/H' (X, Z) = J'(X).

Classically, the first intermediate Jacobian of X is simply called the Jacobian of X and denoted by J(X).

The Abel-Jacobi map in this case also has a geometric form. The domain of the map ®% consists of
cycles of codimension 1 or in other words divisors which are homologous to 0. A divisor D on X defines
an isomorphism class of holomorphic line bundles Lp € H'(X,0%). By theorem 11.33 in [5], we have
that D is homologous to 0 if and only if ¢;(Lp) = 0. This defines a map

o ZYX)hom — Pic®(X) = JH(X)
which sends a divisor D to Lp. We in fact have that « = &% (proposition 12.7 in [5]).

Example 2.6.3. Let X be a compact connected Riemann surface of genus g. It is possible to construct
the Jacobian of X in a more concrete fashion. We have that

J(X) = (HY(X))" /H\(X,2)



and the isomorphism H? 2 H%(X, QL) gives us

-, {holomorphic 1-forms on X}*

I(X) H,(X.Z)

Fix 2¢ differentiable cycles Ay, ..., Ay, B1,... By such that their classes in H;(X,Z) form a basis with
respect to which the intersection matrix given by the cup product on H'(X,Z) and the isomorphism

HY(X,7)~ H\(X,Z) is
G 9)

Such a basis for H; (X, Z) will be called standard. A basis {v1,...vy} of H(X,QY) is called normalized

if the matrix
(/ Uj)
A/ 1<ij<g

is the identity matrix and also the Riemann matrix defined by

T = (/ Uj)
Bi 1<i,j<g

has the property that 37 is positive definite. Given a normalized basis {v1,...v,} of HY(X, QL) we have
J(X)=CI/A,

where A, C C9 is the lattice spanned by the columns of the matrix (I,7). The Abel-Jacobi map takes

the form .
-t ([Tn)  ecun.
q 1<i<g

It can be seen here that the choice of the path of integration is irrelevant due to our choice of the lattice.

2.7 Singular Complex Curves and Jacobians.

It is possible to introduce complex curves abstractly as complex analytic spaces, but we will not need
such generality.

Definition 2.7.1. Let W be a n-dimensional complex manifold. A complex curve is a compact analytic
set S C W of dimension one.

We have that a complex curve is smooth outside of finitely many points. We would like to generalize
the notion of the Jacobian to complex curves. We have seen that the Jacobian of a smooth curve is
naturally the kernel of the Chern class map.

Definition 2.7.2. For § C W a complex curve, we define
J(S) =ker (c1 : H'(S,0%) — H*(S,Z)) .

Let S = X; U X5 C W be a complex curve such that X; are Riemann surfaces of genera g; and such
that X; N X, = x. We require also that there exists some set U C W containing x, biholomorphic to D?
where D C C is the open unit disc such that SNU = {(X,Y) € D?|XY = 0}.

It is easy to verify that

H'(S,0%) = H'(X1,0%,) ® H'(X,0%,)

and
H?*(S,Z) = H*(X1,Z) ® H*(X»,Z).

Moreover, the Chern class map preserves this decomposition. In particular we have

We can now define the Abel-Jacobi map ®§ by the following property

%, ([Pl = [2]) x {0} ifpeXy

O5([p] - [2]) = {{0} x & ([p] = [z]) ifpe Xy

10



This defines the map ®§ since the elements of the form [p] — [z] generate the group Z(S)hom. We
can also describe the Abel-Jacobi map in terms of integrals analogously to how it was described in
the previous section for smooth complex curves. Choose differentiable chains Ay,..., Ay, B1,... By, in
Xy and Ay 41,..., Agi4gs: Bgit1,- - - s Bgi+g, In Xo such that they form standard bases for Hy(X1,Z)
and Hi(X5,Z) respectively. A collection {v1,...,v4,,Vg,41,.. Vg 4g,} is called a normalized basis of
holomorphic 1-forms on S if {vq,...,vg } is a collection of holomorphic 1-forms on X; which forms a
normalized basis of H%(X, QY ) with the Riemann matrix 71 and {vg, 41,...,0g,44,} is a collection of
holomorphic 1-forms on X, which forms a normalized basis of H°(X, Q§(2) with the Riemann matrix 7o.
If we let 7 = (Tl O), we have
0 T2
J(S) — (C91+92/AT.

The Abel-Jacobi map then takes the form

P
-t ([ ) ecotenn,
a 1<i<gi+gz

where we define the value of an integral over a path in X; of a 1-form defined on X5 to be zero (and
vice versa).

11



3 Complex Tori and Line Bundles

In this section we will introduce some important results about complex tori which we will use in the
following section in order to study intermediate Jacobians.

3.1 Complex Tori

By a complex torus we mean a complex Lie group X given by X = V/A where V is a complex vector
space and A C V is a lattice of maximal rank in V. In fact, any connected compact complex Lie group is a
complex torus. We can view V' as the universal cover of X, and therefore we have a natural identification

A =m(X,0).
Since 71 (X, 0) is abelian, by the Hurewicz Theorem we have
H(X,Z) = A.
Moreover, by the universal coefficient theorem, we have
HY(X,Z) = Hom(H,(X),Z) = Hom(A, Z).

We have that X is homeomorphic to (51)?", and therefore using the Kiinneth formula, the cup product
gives an isomorphism

H"(X,Z) = /n\Hl(X7 7) = /n\Hom(A,Z) >~ Alt"(A, 7Z)

where Alt" (A, Z) is the group of alternating n-forms on A with values in Z.

By a homomorphism of complex tori we mean a homomorphism in the sense of complex Lie groups.
Let X = V/A, X’ = V'/A' be two complex tori and let f : X — X’ be a homomorphism. We have
natural identifications To X =V, Ty X’ = V' of Lie algebras and universal coverings. The differential of
f at 0 thus induces a map

F: V=V,
The exponential maps exps, x : ToX — X, expr, x/ : ToX' — X' in the sense of complex Lie groups are
compatible with the maps F' and f in the following way

foexpp x = expy,x/ oF.

Since in our case expy, x coincides with the projection V' — V/A, we must have F'(A) C A’. In particular
we also have the map
FAZ A — A

We call F' the analytic representation of f and F)y the rational representation of f.

Definition 3.1.1. A homomorphism f : X — X’ is an isogeny if it is surjective with a finite kernel.
The exponent of f is defined as the exponent of the finite group kerf.

It can be shown that isogeny defines an equivalence relation on complex tori.

3.2 Line Bundles and Factors of Automorphy

Let X be a compact complex manifold and let 7 : X — X be the universal cover of X. If L is a
holomorphic line bundle on X such that 7*L is trivial, there is a nice way to describe the isomorphism
class of L using certain functions on X. B
Consider the fundamental group 71 (X) of X as the group of automorphisms of coverings of X. In
particular we have a group action of 71 (X) on H O(O}). The object of interest to us will be the first group
cohomology H!(m (X),HO((’)})). The group of cocycles Z*(m (X), HO((’)})) is given by the functions

f:m(X) x X — C* holomorphic in the second variable such that for all y, A € w1 (X) and & € X,

f()‘/uvi') = f(>‘7:uj)f(/u7i')
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We also call those functions the factors of automorphy. The group of boundaries B*(71(X), H 0((9;})) is
given by the functions

(A, &) = h(A2)h(z)~!

where i € H%(O%). The group cohomology H'(m1(X), H(0%)) is defined by
Z'(m(X), H(0%))
1 0 * _ X
H (my(X), H (Ox))— Bl(ﬂ.l(X)’HO(O}))'

An element f € Z(m(X), HO((’)})) defines a line bundle on X in the following way: we have the

free and properly discontinuous action of m;(X) on X xC given by
pe(,t) = (p, f(u, )t)
which defines the line bundle (X x C) /71 (X) — X on X. This correspondence gives us a homomorphism
¢ : H' (m(X), H'(0%)) = Pic(X).

Clearly for any line bundle L in the image of ¢;, we have that n#*L is trivial. In fact ¢; defines an
isomorphism

¢« H' (m (X), H(0%)) — ker (7r*  Pic(X) — Pic()?))) .

In other words, H!(m (X), H 0((’)})) is the group of line bundles on X which pull back to a trivial line

bundle on X.

With the use of factors of automorphy, one can associate global sections of a line bundle L on X with
certain holomorphic functions on X. Suppose L is a line bundle on X such that 7*L is trivial. Choose
a trivialization of 7*L and take a factor of automorphy f corresponding to L and this trivialization
(Picking a different trivialization corresponds to taking a different equivalent factor of automorphy). We
have that global sections of L correspond to holomorphic functions ¢ on X satisfying

INF) = f(N 2)9(7)

for all A € 7 (X) and 7 € X.

3.3 Line Bundles on Complex Tori

When X = V/A is a complex torus, every line bundle on X = V is trivial since V is a complex vector
space. We thus get that
H'(A, HO(V,05)) = Pic(X) = H'(X, 0%).

Moreover, there is a canonical way of assigning a factor of automorphy to a line bundle which we will
now describe.

Definition 3.3.1. The Néron-Severi group of X is defined as the image of the Chern class map
c1: HY(X,0%) = H*(X,Z).

NS(X) :=c1(HY(X,0%)) Cc H*(X,Z).

Let L be a line bundle on X given by a factor of automorphy f = exp(2wig), where g: m1(X)xV — C
is holomorphic in the second variable. The isomorphism H?(X,Z) — Alt*(A,Z) introduced in Section
3.1 has the property that it maps the first Chern class ¢1(L) of L to the alternating form

Er(A\p) =g(p,v+A) + g\ v) —g(A v+ p) —g(p,v)

where A\, u € A and v € V independently of the choice of g. We can extend Ej by R-linearity to an
alternating bilinear form on V.

Theorem 3.3.2. Let E: V xV — R be an alternating bilinear form. We have that E = Ey, for some
line bundle L on X if and only if there exists a hermitian form H on V satisfying SH(A,A) C Z and
E=SH.

This shows that NS(X) could be seen as the group of hermitian forms H on V such that SH(A) C Z.

13



Definition 3.3.3. Let H € NS(X) be a hermitian form. A semicharacter for H is a map x : A — U(1)
where U(1) is the multiplicative group of complex numbers of norm 1, satisfying

XA+ 1) = x(N)x () exp(miSH(A, p)).

Definition 3.3.4. Denote by P(A) the set of pairs (H, x) where H is in NS(X) and y is a semicharacter
for H.

For any (H,x) € P(A), we can define a line bundle L(H, x) by the following factor of automorphy,
m
a1, (A, 0) = X(N) exp(rH (v, A) + 5 H(A, X))

The Chern class of L(H, ) is given by SH restricted to A.

Theorem 3.3.5 (Appell-Humbert, [1, p. 32]). The map (H,x) — L(H,x) defines an isomorphism
between P(A) and Pic(X).

This gives us a canonical way of associating a factor of automorphy to an isomorphism class of line
bundles. Namely the canonical factor of a line bundle L = L(H, x) is a(g,y). Also of importance is that

we can now express PicO(X ) as the group of homomorphisms,
Pic’(X) = Hom(A, U(1)).
We will need the following lemma in the later chapters.

Lemma 3.3.6. Let f : X — X' be a homomorphism between two tori with analytic representation F
and rational representation Fy. For all (H,x) € P(A'), we have

JTL(H, x) = L(F"H, Fyx).
There is a canonical hermitian metric on the line bundle L(H, x) for (H, x) € P(A). We have that L

is given by the quotient
(VxC)/A

where the action of A is defined using the canonical factor of automorphy ag ) by
A(v,t) = (V+ X am (A v) - t).

We will define a hermitian form on L )|, for € X. Pick an element v € V which maps to 2. The
pullback of the projection map (V' x C) — (V x C) /A defines an isomorphism

L(H,x)|x = {U} x C=C.
Under this isomorphism, for two elements, f,g € C, we define
(f,9) = fgexp(—mH (v,v)).

It is a matter of calculation to show that the hermitian form thus defined on L )|, is independent of
the choice of v.

3.4 Dual Complex Tori and The Poincaré Bundle

Let X = V/A be a complex torus. Let V = Homg(V,C) be the vector space of C-antilinear forms on

V. We have that V is naturally isomorphic to Homg(V,R) as a real vector space with the isomorphism
given by [ — $I. We define the lattice, dual to A as

A:={leV|SIA) c Z}.
Definition 3.4.1. The torus dual to X is defined by

%= V/A
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Definition 3.4.2. Given two tori T; = V;/A; and a homomorphism f : T} — T» with the analytic
representation F': Vi — V5, the dual homomorphism

fiTy =Ty
is defined by its analytic representation F'* : Vo — V.
The homomorphism V — Hom(A, U(1)) given by
I — exp(2mi)
defines an isomorphism
X — Hom(A,U(1))=Pic”(X).
We can thus expect there to be a line bundle P on X x X that is in some sense universal.

Theorem 3.4.3. There exists a line bundle P on X x X, unique up to isomorphism, such that

Plxxizy =~ L VL € X = Pic(X)

Plioyxx is trivial.

We call P the Poincaré bundle of X. The Appell-Humbert representation of the Poincaré bundle of
X is the pair (H,x) € P(A @ A) where H is the hermitian form on V & V given by

H((v1, 1), (v2,l2) = l2(v1) + L1 (v2)
and x : A x A — U(1) is the semicharacter for H defined by

XA\, 1) = exp (miSSU(N)) .
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4 Mixed Intermediate co-Jacobians

In this section we will study the intermediate Jacobians of products of Kahler manifolds. The main tool
for this section is the Kiinneth formula which describes the Hodge decomposition of the manifold X x Y’
in terms of Hodge decompositions of X and Y.

4.1 Mixed Intermediate co-Jacobians

We will introduce some new definitions in order to simplify notation. We recall that for X a compact
connected Kéahler manifold, the k-th intermediate Jacobian of X is

J2k—1 (X) o~ (F7L—k+1H2n—2k+1 (X))*/H2n72k+1 (X, Z)

where the dual space is the vector space of C-linear forms. We have that the Abel-Jacobi map ‘Iﬂj( sends
analytic cycles of codimension £ homologous to 0 to the k-th intermediate Jacobian of X.

Definition 4.1.1. We define the k-th intermediate co-Jacobian as
Jop—1(X) = (FFH*Y(X))* /Hop_1(X, Z).
We have that
Jop—1(X) 2= J2FIL(X),
We define the co-Abel-Jacobi map as the appropriate Abel-Jacobi map,

X . gn—k+1
OF = @kt

In particular we have that ® maps analytic cycles of dimension k& — 1 homologous to 0 to the k-th
intermediate co-Jacobian of X.

Definition 4.1.2. For X,Y compact Kéhler manifolds and k,! € Z>( such that k + [ is odd, we define
the mized intermediate k,l co-Jacobian of the pair (X,Y) as the torus
TaX,Y)=| @ HM(X)eHNI(Y)| [H(X,Z)o H(Y,Z).
iy > L

Theorem 4.1.3. Let X and Y be compact Kahler manifolds. For any positive integer k, we have the
following decomposition of the k-th intermediate co-Jacobian of X XY

J2k—1(X X Y) = H Jl,m(X7Y)'
I+m=2k—1

Proof. The statement follows from the Kiinneth formula compatible with the Hodge decomposition. We
have
H™(XxY)= @ HYX)oH ()
p+p'=r,qt+q’'=s

given by the cup product. We thus have

FFH* (X xY) = P P HP(X) @ H" 7 (Y)

r>k \ptp'=r,q+q'=2k—1-r

D P HITX)HMI(Y)

— 9 c s ldma
l+m=2k—1 Z+‘72+T

For an abelian group A, we denote A/torsion by Ag. We have the Kiinneth decomposition on the
homology groups module torsion

Hoyp_1(X X Y, 7)o = ( P HX.Z)eH.Y, Z))

l+m=2k—1 0
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given for example by products of singular simplices. Since the action of the torsion elements in the
homology groups with integral coefficients on the cohomology classes with complex coefficients is trivial
we have

*

Jnoa(X xY) = P B HUX)eHm V)| | @ (HX.Z) e  Ha(Y.L).

ok s ldmtl =2k—
l+m=2k—1 H_jz% l+m=2k—1

Now the action of H;(X,Z) ® H,,(Y,Z) on H" (X)® H™ (Y) is non-trivial if and only if I = I’ and
m = m/. In particular, when viewed as a subset of

*

(Fk:HZk:—l(X % Y))* _ @ @ Hi,l—i(X) ® Hj,m—j(y) ,

—ok— s lmtl
l+m=2k—1 iy > HEmEL

we have that H(X,Z) ® H,,(Y,Z) C (@i+j>l+r5“ HA-(X)® Hj,m—j(y)) . In general, a torus T' =

V/A splits as a product of n tori if there exist n vector subspaces V; C V such that V = @V; and
A = A; where A; := ANV;. In this case we have that A; is a full rank lattice in V; and T = [[(V;/A;).
In our case we have

*

Tk 1(X xY) = P D ‘X eHMIY)| ) D (H(X,Z)@ Ha(Y,2)),
l+m=2k—1 H‘JVZ% l+m=2k—1
= I @ B @ETIY) | [ (H(X.2)® H,(Y.Z)),

—2k— iy Lbmetl
l+m=2k—1 H—JZ#

I 7=y

l+m=2k—1

O

It is natural to ask how the co-Abel-Jacobi map behaves with respect to this decomposition and how
the intermediate co-Jacobians of X and Y relate to the mixed intermediate co-Jacobians of (X,Y"). This
is the content of the following theorems.

Theorem 4.1.4. Let X,Y be compact Kahler manifolds. For Zx a (k — 1)-dimensional analytic cycle
in X which is homologous to 0 and Uy an arbitrary l-dimensional analytic cycle in'Y, let Z = Zx x Uy
be an analytic cycle in X xY. We have in particular that Z is homologous to 0 and

OX1Y(Z) € Jppm1a(X,Y).

Proof. Let T'x be a differentiable chain in X such that 'y = Zx. For I' = I'x x Uy, we have that
Z = OI" and the image of the co-Abel-Jacobi map is defined by

(I)iixly(z) = / :
r
Fix some Kéhler metrics on X and Y. For any decomposable element
a® B e (HP(X,C)® HI(Y,C)) N (FFE2+2-1(X « V),

we have

/a@ﬁz anp
r I'x xUy

where & is the harmonic p-form on X with the class a and B is the harmonic g-form on Y with
the class 8. In particular due to dimensions, we can see that fFa ®pB =0if p # 2k — 1 and

q # 2l. In particular this implies that fF € (@i+j>(2k71)+(2l)+1 Ht(%—l)—i(x) ®Hj,(2l)—j(y)) and
= 2

thus @kXﬁY(Z) € Jop—1,2(X,Y).

O
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Clearly the above statement is true if we switch the roles of X and Y. In particular this shows that if
Uy is homologous to 0, then @kXJerY(Z) = 0 since it must belong to Jag_1,2/(X,Y) and Jog_22141(X,Y).

Theorem 4.1.5. Let Uy be an analytic cycle in'Y of dimension | and let k be a positive integer. There
exists a homomorphism of tori

\Ilgy s Jop—1(X) = Jag—1,20(X,Y)
such that for all Zx € Z;_1(X)hom we have

U 00X (Zyx) = XY (Zx x Uy).

Moreover, ‘IJ,[C]Y depends only on the homology class of Uy and has finite kernel if [Uy] is not a torsion
element.

Proof. We have that
Jok—1(X) = (FFH*~1(X))* /Har1(X, Z)

and

Jaaa(X,Y)=| @ H*'H(X)@H (YY) | [Hu 1(X,Z) @ Hy(Y,Z).
it >kl
Consider the subspace S of the universal covering space of J%_l)m(X ,Y) defined by
S = @Hi,Qk—l—i(X) ® Hl,l(y) — ((FkHQk—l(X)) ® Hl’l(Y))* .
i>k
We have that S is naturally a subspace of the universal covering space of Jap_1,2:(X,Y") since the dual

of a direct sum of vector spaces is naturally the direct sum of the dual vector spaces. Consider now the
following map

T (FRH*UX) = S

ozl—>a®/.
Uy

Clearly EZY only depends on the homology class of Uy. Now for a € Hop_1(X,Z), clearly a ® ny €
Ho,—1(X,Z) ® Ho(Y,Z). This shows that W,fy induces a map of the tori Jap_1(X) — Jog—1,2(X,Y)
which we denote by \IJ,{{Y. Considering ny as an element of (H ”(Y))* corresponds to taking the cup
product with [Uy] which is an element of H™~4™=(Y]Z) where m is the dimension of Y. This shows
that if [, =0 as an element of (H“Y(Y))", then [Uy] is a torsion element. In particular, if [Uy] is not

a torsion element, then @,ZY is injective and consequently \IlkUY has finite kernel.

We fix some Kéhler metrics on X and Y. If C is some differentiable chain which is not necessarily
closed and « is some cohomology class, by |, o @ We mean Jo & where & is the harmonic form of class
a. Let Zx € Zi_1(X)hom- We have that Zx = OI'x for some differentiable chain I'y in X and
X (Zx) = fo' Consequently \Ilgy o ®X(Zx) is represented by fl“x ®fUY when considered as an

element in S. Note also that integration over Uy is zero outside H"!(Y') since Uy is an analytic cycle of
dimension I. Thus as an element of <@i+j2k+l H2k=1-1 (X)) @ {219 (Y)) [Hok—1(X,Z)® Hy (Y, Z),

the element \IJIICJY o & (Zx) is also represented by integrations:

xpgvo@g(zx):/ @/.
FX Uy

If we let I' = I'x x Uy we have that OI' = Zx x Uy . In particular <I>i(+XlY(ZX x Uy) is given by fony'

By the explicit formulation of the Kiinneth decomposition, we have that for a decomposable element
a®pB e HY(X,C)® H"(Y,C) Cc H*"*(X x Y,C) we have fFXnya@)ﬁ = (fFX a) . (ny B). This is
the same as [, ® [, (a® B) and it shows that

oY (Zx x Uy) =/ ®/ =T 0 (Zx).
rx Juy
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Theorem 4.1.6. If Uy has dimension 0 and is not homologically trivial, then \I/kU" s an isogeny, and
if Uy is a point, then \I/,gy s an isomorphism.

Proof. Note that if Uy has dimension 0 and not homologically trivial, then \IlkUY is surjective since its
kernel is finite and the target and the domain have the same dimension. What is left to show is that if
Uy is a point, then the kernel of WYY is trivial. Let Uy = {p} and let a € (F¥H?~1(X))* be such that

TP (@) =as / € Hojy (X) ® Ho(Y).

P
Here [ can be simply viewed as the identity map on H*°(Y) = C. For any cocycle 3 € FEHZ-1(X)
such that 3+ 3 € H?**~Y(X,Z), we have

T ) (Be1) e Z.

Since by definition we have
T (@) (B01) =a ().
we conclude that a(8) € Z for all such 8 and thus o € Ha,—1(X,Z). We therefore have that the map
\I!,{f} is injective.
O

4.2 Duality of Mixed Intermediate co-Jacobians

We have that for an n-dimensional compact Kéhler manifold X, the k-th intermediate co-Jacobian of X
is dual to the (n — k 4 1)-th intermediate co-Jacobian of X

Jok—1(X) = Jon_pr1)-1(X)

where the duality is given by the pairing between (FFH?*~1(X))* and (Fn—F+1H2(—k+D)=1(x))*
antilinear in the second term, which we will now define. We have the duality map

P (HXHD-1(X €)= H* (X, C)
given by the cup product and the complex conjugation map
—H*NX) - HPHX).

For ¢ € (FFH*~1(X))* and a € (F*~F+t1 g2 =k+D-1(X))* we define

(¢, a] = 2i - (P (a)).

Proposition 4.2.1. Under this pairing, the lattice dual to Hoy,_1(X,Z) C (F¥H?**~1(X))* is the lattice
HQ(n7k+1)71(X7 Z) C (F"_k+1H2(”_k+1)_1(X))*,

Proof. The proof of this fact is almost identical to the proof of the next theorem and thus will be omitted.
O

For X,Y compact Kahler manifolds, we have a decomposition of the intermediate co-Jacobians of
X XY as the products of mixed intermediate co-Jacobians of (X,Y"). This decomposition preserves the
duality introduced above.

Theorem 4.2.2. Let X,Y be compact Kahler manifolds of dimensions n and m respectively. For any
non-negative integers k,l such that k+1 is odd we have that Ji 1 (X,Y) is dual to Jop_ 2m—1(X,Y),

Je1(X,Y) 22 o pom1(X,Y)

via the duality of Jp11(X X Y) and Joptom—k—1(X X Y).
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Proof. We have

*

Jei(X,Y) = P HEHF(X)eH'IY)| /H(X,Z)® H(Y,Z)
iz R

*

B HE X))@ HMTHIMIY) |/ Han 1 (X, Z) @ Hym (Y, Z),

s kit
itj2 e

J2n7k72m7l(Xa Y)

where the indices in the expression of Jap_p om—i(X,Y) are rewritten in such a way that the sum-
mations in the two expressions are over the same set of values of i and j. The pairing we have
between (F™ 2 HFH(X x Y))* and (F* "7 H2+2m—k=l(X))* restricts to a pairing between
(Hn—k+in=i(X) @ Hm=43m=i(Y))" and (H"*~(X) ® H?'=J(Y))" for every i and j, antilinear in the

second term. We have the duality map,

P (Hi,kfi(X) ® Hj,l*](Y))* :’_) (H’nf’é,nfk‘i’i(X) ® Hmfj,mflJrj (Y))
given by the cup product and the complex conjugation map
,: Hn_i’n_k+i(X) ® Hm—j,m—l—i—j(y) l> Hn—k—i—i,n—i(X) ® Hm—l—i—j,m—j(y)'

The pairing is given by L
[¢, 0] = 2i - ¢(P(ax))
for ¢ € (H"F+in=i(X) @ H™+im=i(Y))" and o € (H"*1(X)® H?'=9(Y))". Since P is an iso-
morphism and ~ is an anti-isomorphism, we see that (H"~*+"—#(X) @ H™~+3m=i(Y))" is the entire
space of antilinear forms of (H**~#(X)® Hj*l_j(Y))*. The same holds once we take the direct sum of
the components of the universal covering space of Jy ;(X,Y).
To show that Hop—(X,Z) @ Hopm—i(Y,Z) is the lattice dual to H(X,Z) ® H;(Y,Z) it is convenient
to write all of the spaces in question in terms of cohomologies, since there, it is clearer how the integral
cohomologies are embedded in the subspaces of cohomologies with complex coefficients. Let

vV = @ ani,nfk+i(X)®Hm7j,mfl+j(y),
itj>EEEL

W= P HEY(X)eHTH(Y).
i > B

We have V C H™ *(X,C) @ H*"~!(Y,C) and W C H*(X,C) ® H'(X,C). The conjugation on each
cohomology group induces the conjugation on the tensor product and we have

H" MX,C)e H™ (Y,C) = VaV,
H*(X,C)® H(X,C) = WaoW.

The mixed intermediate co-Jacobians in question are then isomorphic to

JTa(X,)Y) = V/H*™ X, Z),® H™ Y, Z),
Jon—kom1(X,Y) = W/H¥X,Z)o® H(Y,Z)o.

Here, the integral cohomologies are considered as their projections onto the appropriate complex sub-
spaces, i.e. the projection of H>"~*(X,Z)y ® H*™~1(Y,Z) C H*~*(X,R)® H?>"~(Y,R) onto V along
V and the projection of H*(X,7Z)o ® H'(Y,Z)o onto W along W. In this setting the pairing between V'
and W takes the form

[p,a] =2ip Ao € H*(X,C) @ H*(Y,C) = C

where the last isomorphism is given by integration over X and Y.

Let ¢ be a projection of an element in H*(X,Z)y ® H'(Y,Z)o onto W and let a be a projection of
an element in H*"~*(X,7Z)y ® H>"~Y(Y,Z)y onto V. Since integral cohomologies are real we have that
(¢ +¢) € H¥(X,Z)o ® H(Y,Z)o and (o +@) € H*"¥(X,Z)o ® H*™(Y,Z)o. We thus have

(6 + ) A (a+a) € Z.
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Due to type, we have that ¢ Aa = ¢ A@ = 0 and therefore p A@+d Ao = 2R(p A@) € Z. We thus have
that ([@, a]) = $(2ip A@) = 2R(¢ A @) € Z and therefore ¢ lies in the dual lattice of the projection of
H>*(X, 7)o @ H*™ (Y, Z)o onto V.

To show the inverse inclusion, let ¢ € W be such that for any projection a of an element in
H™ *(X,Z)o @ H*"Y(Y,Z)o onto V we have 3(2ip A @) = 2R(¢ A @) € Z. We have that (¢ + ¢)
belongs to H*(X,R) ® H'(Y,R). An element v € H*(X,R) ® H'(Y,R) is integral if and only if for every
§ € H>"F(X,Z)o @ H*™ 1Y, Z)o we have y A§ € Z. Let § € H*"*(X,Z)g @ H*™1(Y,Z)y and let «
be the projection of § onto V. We have § = a + @ and therefore

@+ @) NS =(d+0)A(a+7).
Due to type, we have ¢ Ao = ¢ A@ = 0 and therefore
(p+P)NS=dha+pra=2R(pAa)E Z.

Since this is true for any 6 € H*"~*(X,Z)o @ H*™ (Y, Z)o, we have (¢ + ¢) € H¥(X,Z)o @ H'(Y,Z)o
and ¢ is the projection of (¢ + ¢) onto W.
O

4.3 The Poincaré Bundle on Products of Tori

We would like to know how the decomposition of the intermediate co-Jacobians into mixed intermediate
co-Jacobians behaves with respect to the Poincaré bundles.

It is important to recall the explicit construction of the Poincaré bundle. Let T'= V/A be a torus
and let T =V /A be its dual torus. We define a hermitian form H on V & V by

H ((v1,11), (v2,12)) = Iz (01) + L1 (v2),
and the semicharacter y : A ® A — U(1) for H by
X (A, 1) = exp(miSu(A)).
The pair (H,x) defines the Poincaré bundle on T X T by the canonical factor of automorphy ap :

ABA) x(VaV)—C

ap (A, p), (v,1)) = x(A, 1) exp (WH (v, 1), (A ) + gH (A5 ), (A N))) .

We now investigate how the Poincaré bundle of a product of tori relates to the Poincaré bundles of
individual tori.

Theorem 4.3.1. Let T1,T> be tori and let P be the Poincaré bundle on (T xT3)x (Tl >§T2) Foralla € Ty
and b € Ty we have that P| 1, 41y« (71 x (b)) 5 the Poincaré bundle on (T x {a}) x (Ty x {b}) =Ty x T1.

Proof. Let T; = V;/A; and T, = Vl//AXz for 1 = 1,2. We write down explicitly the hermitian form H, the
semicharacter x for H and the canonical factor of automorphy ap corresponding to P. We have that H
is the hermitian form on V; & Vo & Vi @ V; given by

H ((v1,v2,11,12), (w1, we, m1,m2)) = mi(v1) +ma(va) + li(w1) + l2(w2).
The semicharacter x : Ay @ Ay @ A @Ay — U(1) for H is given by
X()‘h >‘27N’17M2) = exp(wi% (:ul(>‘1) =+ :LLQ(/\Q)))

The canonical factor of automorphy of P is given by the map ap : (A;HAs @A, @A2) x(VidVa oV @‘72) —
C*

ap (A1, A2, g1, p2), (v1,v2, 0, 12)) = X(A1, A2, i, po) exp (mH ((vi, 02,11, 12), (A1, Az g, p2))) -
exp (gH((Ah)\z,ﬂl,Nz)a (>‘17>‘2’”1’“2))) .

Let vy € Vo map to a and ly € Vo map to b. We have that (T} x {a}) x (11 x {b}) is the torus given by
(Vi x {ve )@ (Vi x {I2})/ (Al & [\1) Here, we consider the set (V] x {v2}) as the vector space naturally
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isomorphic to V7 and analogously (Vl x {l3}) as the vector space naturally isomorphic to Vi As such
we have that (Vi x {va}) @ (V1 x {l2}) is a subset but not in general a subspace of (V1 © V2) ® (V1 @ V2).
We have that the factor of automorphy of the restriction of P to (T4 x {a}) x (11 x {b}) is given by the

restriction of ap to (A1 @ {0} & Mo {0}) X ((V1 x {va}) @ (Vl X {52})>

ap (M\1,0,01,0), (v1,v0,11,12)) = x(A1,0,p01,0)exp (mH ((v1,v2,11,12), (M1,0, 11,0))) -
exp (gH ((A1,0,p1,0), (A1, 07”170)))
= ap (A1, 1), (v1,01))

where P’ is the Poincaré bundle on Ty x Tj.
O]

Let X,Y be compact Kahler manifolds of dimensions n and m respectively. Let k,a,b € Z such
that @ + b = 2k — 1. By Theorems 4.3.1 and 4.2.2 we have that the Poincaré bundle on Jo;_1 (X X
Y) X Jongm—tt1)—1(X x Y) restricted to Jo5(X,Y) X Jon—q2m—5(X,Y) is the Poincaré bundle on
Jap(X,Y) X Jon—a.2m—b(X,Y). Let Uy, Uz be analytic cycles in Y of dimensions I and m —[ respectively.
We have the following diagram

Ve
Jor—1(X) : Jok—1,21(X,Y)

duality duality

AT
A~

\I’Zgwﬂ
Jon—2k41(X) —————— Jon—2k+1,2m-2(X,Y)

and thus we have the Poincaré bundles on the left and right columns. We would want to know if they
are compatible under the horizontal maps.

Lemma 4.3.2. Let T1, T, be tori and let ¢ : Ty — To, 9 : Ty — T be homomorphisms of tori. Let
P1, P2 be the Poincaré bundles on Ty x T1 and Ty x Ty respectively. We then have that (¢, 1)*Ps = Py

if and only ifgf) o = 1id.

Proof. Let f : X — Y be a homomorphism of tori with the analytic representation F'. Denote by L(H, x)
the line bundle corresponding to a hermitian form H and a semicharacter x for H. By Lemma 3.3.6, we

have
fTL(H,x) = L(F*H, F*x).

Let ® and ¥ be the analytic representations of ¢ and v respectively and let P; = L(H;, x;). We have
that (¢,1)*Ps = Py if and only if

(®,V)"Hy, = Hj,
(@, ¥)"x2 = x1.

We have that (&, ¥)*Hy = H; if and ouly if for all vi,ve € V; and Iy, € V; we have
U(la) (@(v1)) + V(1) ((v2)) = l2(v1) + 1 (v2)

which is equivalent to the statement that for all v € V; and [ € Vl,

(i) (B(v2)) =l (v2)
which in turn is equivalent to the fact that ®*¥ = id. If ®*¥ = id, then clearly

(@, ¥)* x2(\, 1) = exp(miS (" Wpu(N)) = x1 (A, p).

We have that U* is the analytic representation of 1[), therefore ¥*® = id if and only if g?) o1 =id.
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Theorem 4.3.3. Let X,Y be compact Kahler manifolds of dimensions n and m respectively. Let Uy, Us
be analytic cycles in'Y of dimensions | and m — [ respectively. We have that the pullback of the map

Uz

U1
\I’k X\I/n—k+1

Jor—1(X) X Jop—op4+1(X) Jor—1,20(X,Y) X Jop_opt1,2m—21(X,Y)

sends the Poincaré bundle on the image to the Poincaré bundle on the domain if and only if [U1)A[Us] = 1.

Proof. Tt follows from Lemma 4.3.2 that the pullback of the map \I/gl X \I/gik 41 sends the Poincaré

. . o =U —U; . —U. =U .
bundle to the Poincaré bundle if and only if (\Ilnikﬂ)* oW, " = id where \I/nikﬂ, U, ' are the analytic
representations of \1152_ pi1 and \I!,g1 respectively. This is equivalent to the fact that for all

@ H2n72k+17i,i(X)

i>n—k+1

1%

ae (FFH?*1(X))*

and
ﬁ e (Fn—k+1H2n—2k:+1 (X))*,

we have
(8@ [Uh]), (a @ [U2])] = [B, 0] = 2if(a).
We have by the definition of the pairing between

@ Hn72k+1+i,n7i(X) ® HmflJrj,m*j(Y)
ity > 25

and
@ Hi,Qk*l*i(X) ® Hj,lfj(y)
itj> 2R

that

(6@ [th]), (e @ [Us])] = 2iB(@) - [Ur] A [U2].

Since [Us] is a real class, the statement of the theorem follows.
O

Corollary 4.3.4. Let X,Y be compact Kahler manifolds of dimensions n and m respectively. Let Uy be
an analytic cycle in'Y of dimension | such that there exists an analytic cycle Uy of Y of complementary
dimension such that [U1] A [Uz] = 1. We then have that \IlkU1 is injective.

Proof. By Theorem 4.3.3 and Lemma 4.3.2 we have that (\I/gz_AkH) o \I!,g1 = id and therefore \Ilgl is
injective.
O

4.4 Intermediate co-Jacobians of Hodge Structures

Intermediate co-Jacobians can be defined more generally for any integral Hodge structure. We can
therefore repeat most of the previous constructions for arbitrary Hodge structures, their products and
their duals.

Definition 4.4.1. Let V = (Vz, VP9) be an integral Hodge structure of weight 2k — 1. We define the
intermediate co-Jacobian of V' in the following way

Jor—1(V) = (F*Ve)*/(Va)*
where FFVp = @ka VP2 and (Vz)* = Hom(Vz,Z) which by C-linearity extends to a subset of V.

Theorem 4.4.2. We have that Jor—1(V) is a complex torus.
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Proof. Observe that Ve = (F¥V¢) @ (F*V¢). In particular this shows that dimg(F*Ve) = rank(Vz).
Thus the image of (Vz)* under the map

i (Vg)* — (FFVe)*

has full rank if and only if 7 is injective. Let o € (Vz)* be in the kernel of ¢. It follows that for all
v € (F*V¢), we have a(v) = 0. Since for any w € Vg, we have (@) = a(w), and Ve = (F*Ve) @ (FFVe),
we conclude that « is trivial on the entire V. In particular « is trivial on V; C V¢ and therefore o = 0.

We thus conclude that (Vz)* is a lattice of maximal rank in (F¥V¢)* and Jog_1(V) is a complex torus.
O

Definition 4.4.3. Let V = (Vz, VP%) and W = (Wy, WP:?) be integral Hodge structures of weights &, [
such that k£ + [ is odd. We define the mixed intermediate co-Jacobian of V and W as

*

T (V,W) = B vihiewr| J(Vae W)

s kit
i+j> 5=

Theorem 4.4.4. Let V = (V,VP9) and W = (Wy, WP9) be integral Hodge structures of weights k,l
such that k41 is odd. We have
T (VW) = Jpe (Ve W).

Proof. This follows immediately from the definition of the tensor product of Hodge structures

VeW), = Ve Wy,
(V ® W)r,s — @ Vi g Wp',q/.

ptp'=r.q+q'=s
O

Theorem 4.4.5. Let V = (Vz,VP9) and W = (Wz, W) be integral Hodge structures of weight 2k — 1.
We have
Jok—1 (Ve W) = Jogp_1(V) x Jog_1(W).

Proof. We have that
Jor—1(VOW) = (F*Ve)* @ (F*We)*/(Va)* © (Wa)*.

Since the action of (Vz)* is 0 on W, the abelian group (Vz)* @ {0} as a subset of (F*V¢)* @ (F*We)*,
lies in the subspace (F¥V¢)* @ {0}. By the same argument we have {0} ® (Wz)* C {0} & (F*W¢)* and
therefore Jop_1(V & W) splits as a product of two tori,
Jua(VOW) = ((FFVe)*/(V)*) x (F*We)*/(Wz)*)
= Jop—1(V) x Jop_1(W).

O

Definition 4.4.6. Let V = (V, VP9) be an integral Hodge structure of weight k. We define the dual
Hodge structure V* of weight k as

(V*)z (Vz)*,
(V*)p»q — (V‘Lp)*.

We naturally have that V;; @ C = (V; ® C), therefore this construction indeed defines a Hodge
structure. The conjugation on (V¢)* coming from this isomorphism has the following form: for ¢ € (V¢)*
and xz € V¢, we have

o(2) = ¢(3).

Theorem 4.4.7. For V = (Vz,VP?) an integral Hodge structure of weight 2k — 1, there is a natural
isomorphism R
Jor—1 (V™) = Jog 1 (V).
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Proof. We have that the universal covering space of Jo,_1(V*) is (FFVZ)* = @D, (V??). Define a
pairing between (F*V)* = D, (VIP) and (FEVe)* = @D, >, (VP9)*, antilinear in the second term, by

[, z] = 2i - (@)

where o € (F* VE)* and z € (F kVc)*. Clearly this pairing is perfect and we only have to check that the
lattice, dual under this pairing to the image of V3 in (F¥V¢)*, is exactly the image of V7 in (FFV)*.

Let a € (F*VZ)* and x € (FFVg)* lie in the images of V7 and V; respectively. We have that
(o +@) € Vg, (x +7) € V} and therefore

[(a+@),(x+7)] € 2Z.

Since v € @5, (VI?) = F*Ve and z € (F*V)*, we have by definition of the pairing,

[@,z] = 2i - x(a) = 0.
Similarly we deduce that [«,Z] = 0. We thus have that

(o + @), (z+7)] = [a,2] + [@.7] = 20 - 2R (a(@) ) .
It follows that 2R(xz(@)) € Z, which implies that (2 - z(@)) = S([e, z]) € Z. This means that « lies in
the lattice, dual to the image of V;/ in (F*V¢)*.
For the other inclusion, assume that o € (F*VZ)* lies in the lattice, dual to the image of V5 in
(F*V¢)*. We will show that (a+a) € Vz. By the assumption, for all z € (F¥V¢)* such that (z+7) € V;/,
we have

([, x]) € Z.

We have to show that (z+7Z) (o + @) € Z. By the same argument as above, we have that z(a) = Z(a) = 0.
We thus have to show that 2R(z(a)) € Z. Since we have 2R(z(a)) = I(2i - z(a)) = I([a, z]), the
statement is proved.
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5 Ceresa Cycles and Degenerate Complex Curves

In this section we give an example of when we are interested in intermediate Jacobians of a product of
two Kéhler manifolds.

5.1 Ceresa Cycles

Given a Riemann surface S and a point g € S, we can construct a map a, : S — J(S) given by

pwfup]—[q]):/p.

We define the Ceresa cycle of S as
Cq(8) = aq(S) — [-1]"ay(S5).

It is an analytic cycle in J(X). For a torus T = V/A we have Hy(T) = A" A and we can thus
see that [—1]* acts on Hi(T) as (—1)*. In particular [—1]* is the identity map on Hy(T) and thus
(aq(S)) = ([~1]*aq(S)). In our case this shows that the Ceresa cycle Cy(S) is homologically trivial. Let
X := J(9) and consider the image of the Ceresa cycle under the map ®2°. We define the Ceresa element
of S as

cq(S) := D5 (Cy(9)) € J3(X).

Consider now a degenerate case of a complex curve as in section 2.7 where the curve S is the union
of two Riemann surfaces M and N intersecting transversely at a point ¢. Let X = J(N) and Y = J(M).
We have shown that in a natural way
J(S)=XxY

and have defined the Abel-Jacobi map for S. We define the Ceresa cycle and the Ceresa element for S
with respect to the point ¢ in the same manner as before. In this case, the Ceresa element of S lies in

Jg(X X Y) = Jg,o(X,Y) X J2,1(X,Y) X JLQ(X, Y) X Jo’g(X, Y)

Theorem 5.1.1. We have ¢,(S) = \1/50} (cq(N))—i—\I/;O} (cg(M)). The first summand belongs to J3 0(X,Y)
and the second belongs to Jy 3(X,Y).

Proof. We have that
Cq(S) = aq(S) —[-1]"ay(S5)
= (ag(N) x{0}) U ({0} x aq(M)) — [-1]" (aq(N) x {0}) U ({0} x aq(M)).
Since (aq(N) x {0}) U ({0} x ag(M)) = (aq(N) x {0}) + ({0} x aq(M)) as a cycle we conclude that
Cy(S) = Cy(N) x {0} + {0} x C,(M).
Therefore by Theorem 4.1.5
O3 Y (Cg(N) x {0} +{0} x Co(M)) = @577 (Cy(N) x {0}) + @5 Y ({0} x Cy(M))
= U (eg(N)) + ™ (e, (M),

5.2 A Degenerate Family of Complex Curves

A singular complex curve can occur naturally as a fiber in an analytic family whose generic fiber is a
smooth Riemann surface. In this section we will present a complex analytic family of complex curves

Tx: X =D

where D is the complex unit disc with a degenerate fiber over the point 0 € D as presented in [2].
Restricting to some neighborhood D, of 0 in D, we will construct the family of Jacobians corresponding
to this family which will have all non-singular fibers

w7 J = De.
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We also have the family
T737)  J3(T) = De

whose fiber over a point ¢t € D is the second intermediate co-Jacobian of the fiber of 77 over ¢. Given
a holomorphic section
q:D.— X

we can construct the section

cq(X) : De = T3(T)

which maps a point ¢ € D, to the Ceresa element of 73*(t) with respect to g(t). We will show that the
section cq(X') is holomorphic and thus the Ceresa element varies holomorphically everywhere.

Let C7 and C5 be two Riemann surfaces of genera g; and go respectively. Let p; € C7 and ps € Cs
be two fixed points and let Uy, Us be open neighborhoods of p; and ps biholomorphic to the open unit
disc D C C. Let z; be a holomorphic coordinate on U; centered at p; for ¢ = 1,2. Consider the sets

W; = (C; x D)\{(z,t) € U; x D s.t. |z(x)| < |t]}.

The sets W; are complex manifolds being open subsets of C; x D. We naturally have projection maps
m; : Wi = D whose fibers over t € D are the Riemann surfaces C; with a puncture around the points p;.
We will “glue” the sets W; and W5 in a way to produce a family X — D whose fiber over ¢t # 0 is the
gluing of 7, L(t) along the neighborhoods of the punctures and over ¢t = 0 the fiber is the union of C;
and Cs intersecting transversely at the points p; and ps. The general fiber will be a Riemann surface of
genus g1 + go.
Let S C D? be the surface given by
XY =t

where X,Y,t are the coordinates on D3. Define
XZ:W1|_|SUW2/N

where the relation ~ is given by

for (z,t) € (U; x D)N'W; and
t
(@) ~ (———
zo(x)

for (x,t) € (U2 x D) N Ws. These relations are consistent with the projections onto D and we therefore
get a family

) Z2(£)ﬂ t)

Ty : X — D.

The map 7y is flat, proper and a submersion outside of 73" (0). Denote 73" (t) by C;. We call S C X
the pinching region of the family. For ¢ # 0 we have that C; NS is the region where Cy N (U; x D) are
glued holomorphically. For ¢t = 0, we have Co NS = {(X,Y) € D?|XY = 0} where the sheet Y = 0
without the origin is glued to Ui \{p1} x {0} C W, and the sheet X = 0 without the origin is glued to
UQ\{pQ} X {0} C Wa.

In order to construct the family of Jacobians of X, we will use the explicit construction of the
Jacobian as introduced in section 2.7. Choose differentiable chains A;,..., g, B1,... By in €7 and
Agi+1s-- - Agitgas Bgi41, - - - s Bgy 44, in Co such that they form standard bases for Hy(C4, Z) and Hy (Ca, Z)
respectively as described in Section 2.6 and such that they don’t intersect U; and Us. For any t € D, we
have the natural identification of C;N(C; — U;) x D with (C; —U;) and thus A1, ..., Ag, 1¢,, B1,... Bg 445
define a standard basis on each Cy. The following theorem is the core argument in our construction.

Theorem 5.2.1. [2, p. 38] Up to replacing D by a neighborhood D, of 0, there exist g1 + go linearly
independent holomorphic 2-forms uy, ..., Ug +g, 0N X such that for everyt € D, the Poincaré residues of
w;:"'_t along Cy form a normalized basis of holomorphic 1-forms with respect to A1, ..., Agi+g., B1, ... Bgi+gs-
Moreover, the resulting Riemann matriz 7(t) is holomorphic with respect to t.

We define the Poincaré residue of a top degree meromorphic form « on a complex manifold X with
a pole being a smooth divisor D. In other words D is a submanifold of X of codimension one and « has
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a pole of order one along D. Let x € D, U C X a neighborhood of z and z : U — C be a holomorphic
function locally defining D with dz not vanishing along D. We can then locally write o on U as

d
ozz;z/\ﬁ—&—v

where 8 and ~y are holomorphic forms on U. The restriction of 5 to DNU does not depend on the choices
made and defines a global holomorphic form on D. We denote it by resp(a). In the case where the
divisor of « is a sum of two smooth divisors D1, D5 intersecting transversely, we can analogously define
resp, () and resp, (a) which will be meromorphic forms on D; and Ds with at most simple poles along
Dy N Dy. See [4, p. 171] for a more thorough discussion on Poincaré residues.

In the theorem above, for t = 0, we get meromorphic forms on C; and Cs with perhaps simple poles
at p; and py. Since a meromorphic form on a Riemann surface cannot have one simple pole, we conclude
that the resulting residues are in fact holomorphic.

We can now construct the family of Jacobians. Let

J = C91t92 « Dé/zgﬂrgz x 791192
where the action of Z91%92 x 791192 on C9192 x D, is given by
(A)-(2,t) = (@ + A+ 7(1)y, ).

Clearly the action is holomorphic, free and properly discontinuous and as such defines a complex manifold
J. Since the action preserves the t coordinate, we have the map

g7 :J = De.

Clearly each fiber of 77 is the Jacobian of the corresponding fiber of my.
We now construct the family
T75(7) * J3(J) = De
of the second intermediate co-Jacobians of fibers of w7. Let us digress for a moment in order to write
down “explicitly” the second intermediate co-Jacobian of a torus

X =C9/A,

where 7 is a g X g matrix with complex coefficients such that 37 is positive definite and A is the lattice
spanned by the column vectors of the matrix (I, 7). We have that

J3(X) = (H*!(X) & H*(X))"/H3(X, Z).

We have that HJ(X) = H%(X) where H%I(X) is the space of harmonic (i,5) forms on X. Now if
« is a harmonic (4,7) form on X, we can lift it to a periodic harmonic form on C9. Any periodic
harmonic form on C9 has constant coefficients. We therefore have that H*/(X) is spanned by the forms
dzigy, N -+ Ndzg, Ndzgy A= A @ where z; for 1 < i < g are the holomorphic basis of CY9. In particular
this gives an isomorphism

(H2Y(X) @ H*O(x))* =2 c()() ¢ c6),
Now as for the lattice H3(X,Z) C (H*Y(X) & H>%(X))* , we have

3
Hy(X,7Z) = \ A,

For A1, 2, A3 € A, we have that the value of A\; A A\a A A3 on a € H*1(X) @ H3%(X) when viewed as
a constant form on CY is the integral of a over the parallelepiped spanned by A;, A2, A3. This defines a

lattice in (C(Ell)'(g) P (C(g) under the isomorphism constructed above which we denote by A (). Important
to note is that A,y varies holomorphically when 7 does. In our case, we have the complex manifold
J5(7) =) & cld) x De/Apr )

which defines the desired family.
Let g : D. — X be a holomorphic section where by now, by X we mean the restriction of the family
to D.. We can define the map
ag: X = J

which sends a point p € X lying above t € D, to
7 (o] — [a()]) € J(C) € T

28



Theorem 5.2.2. The map a, is holomorphic.

Proof. Let s € X be the singular point of the fiber Cy. We have that ¢(0) # s. To see this, let
q(t) = (q1(t),q2(t)) € D? = S where q1, g2 € C[[t]] such that q;(t)g2(t) = t. If ¢(0) = s, we must have
that ¢; and g2 do not have constant factors and thus we cannot have gy (t)q2(t) = t.

Choose a point p’ € X lying over ¢’ € D, such that p’ # s. We will show that a, is holomorphic at
p’. Consider a small neighborhood U C X of some path between p’ and ¢(¢'). For some neighborhood V/
of p/, we can define a map a; : V — C91792 given by

P
pkﬁ(/ﬁ TeSC, Ui)1<i<g)+go
q(t)
where p lies above ¢ and the path of integration lies in U N C;. Note that the result doesn’t depend on
the path chosen since all the paths between p and ¢(¢) in U N C; are homotopic and resc,u; is closed.
We have
aglv = o (ay, mx)

where II is the quotient map C9:792 x D, — 7. It thus suffices to show that a; is holomorphic. This
will be done in several steps.

Step: 1 Assume first that p’ and ¢(¢') lie in W; and U is holomorphically trivializable. Since W is
an open subset of C; x D, we have coordinates (z,t) on U such that ¢ coincides with 7x. A
holomorphic 2-form w; can be written locally on U as

u; = @z, t)dt N dz

where ¢ is a holomorphic function. It follows that resc,nu 2 = ¢(z,t)dz. The i-th coordi-
nate of the map a; then has the following form

o | :) oz, 1)z
q(t

where ¢(t) is holomorphic. This can be seen as an integral in C with holomorphically varying
form and the base point. Clearly this map is holomorphic and thus so is a; at p’. The same
is true if both points lie in Ws.

Step: 2 Assume now that p’ € W1 NS, ¢/ =0 and ¢(t') € Wo N S. Consider any point p” € V lying
over t” € D, where t” # 0. We have that p”, q(t") € W; since S — Cy C W;. It is moreover
clear that p” and ¢(¢") lie in some holomorphically trivializable set. By step 1 we conclude
that a4 is holomorphic on V — Cy. By Riemann’s theorem on removable singularities, it
suffices to show that a, is continuous on V N Cy. Let x,y be coordinates on S given by the
following isomorphism of D? and S,

(z,y) = (z,y,zy) € S C D3.

Let
u; = ¢z, y)dz A dy.

Uj

In order to calculate the residue of g—y on the set x = 0, we have to express oy 38

u; dx

—=—NAB+y

xy x
where § and 7 could have simple poles along the set y = 0. We noted earlier that the residue
of g—; along the set x = 0 is in fact holomorphic. In other words 3 is holomorphic and we

have J ,
&:j/\ﬂ‘i‘l
zy x Yy

where 3 and 4 are holomorphic forms. We can thus express u; as

u; = ydx A B+ zv'.
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Step: 3

In particular, we can write
uj = =2z (x,y)dz A dy + yoy(z, y)dz A dy
for some holomorphic functions ¢, and ¢,. We thus have

resp—ot; = ¢ydy,

resy—oU; = @Pzdx.
Since dx vanishes on the set x = 0 and dy vanished on the set y = 0 we can write

resy—ou; = ¢udy + Pudx,
resy—oU; = Qudy + Ppdx.

We also have

Ui (ydx4fxdy)A(¢ydy%f¢mdx)Aftﬂxygft)A(
xy—ti zy —1 zy —1

Pydy + dodz),

and therefore
resgy—¢U; = Qydy + Ppdx.

We thus have that the i-th coordinate of the map aj;, has the following form

P
pH/ Oydy + ¢pdx
q(t)

where the path of integration is taken within the set xy = t. We can choose a path for every
p € V such that they vary continuously with p. We thus get that a; is continuous everywhere
on V.

Consider now the case when p’ € W; and ¢(t') € W,. By shrinking U and V if necessary,
we can find a cover (U;)1<;<n of U by finitely many holomorphically trivial neighborhoods
satisfying the following properties:

1) q(t") € Uy, p' € Uy,

2)U;NU; =0ifi+#j+1 for i and j distinct,

3) In case t' = 0, and so U contains the singular point s of Cy, we require that s belongs to
only one open set, say Uy,

4) Each open set U; belongs to either Wy or Wy, except for the set U; in the case t' = 0 where
we then require that U; C S.

5) There is some neighborhood D. C D, of ¢ such that mx (V) = wx(U; N U;y1) = DL for
i=1,...,n—1.

It is easy to see that such a cover exists. We now choose some holomorphic sections

q; : Dé — Ul N Ui+1.

For any p € V lying over t, we have

n—2
ay(p) = ay(q1(t) + D ag, (qi1(1)) + aly (p)-
=1

In case t' # 0, by step 1 we know that each term in this sum is holomorphic since it involves
calculations within some trivializable set in W or Wy. In case t’ = 0, we have that a;,  (q(t))
is holomorphic by step 2.

So far we have shown that the map a, is holomorphic outside of s. By Hartog’s extension theorem, a
continuous function cannot fail to be holomorphic on a set of codimension more than one. It thus follows
that a4 is holomorphic everywhere.

O
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We have a flat analytic cycle a,(X) C J. Let
Cq(X) = ag(X) = [=1]"ay(X),

where [—1] is the map on J that acts by inversion on each fiber of 77, be the Ceresa cycle of X'. We have
that Cy(X) N Cy is the Ceresa cycle of C; and as such is homologous to 0. By the theorem of Griffiths
[3], since Cy(X) is flat, we have that the map

Cq(X) : Ds — jg(jl)

which sends ¢t € D, to the image of C,(X) N C; under the co-Abel-Jacobi map ®$* in w}sl(J) (t) is

holomorphic. We have that ¢,(t) is the Ceresa element of C;.
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